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Abstract 
There were three stages had been carried out for solving the questions. The questions were the ampere force, the 
torque, and the work of the current-carrying circular coil in non-uniform magnetic field. The first stage was that the 
simple question of the ampere force, the torque, and the work of the current-carrying square coil in non-uniform 
magnetic field had been obtained. The second stage was that the limit analysis method had been put forward. The 
method had three steps. The first step was to evaluate the limit value of the parameter in limit situation. The second 
step was to get the exact solution in generation situation. The third step was to verify the exact solution with the limit 
value of the parameter in limit situation. The finally stage was that the diagrams were shown for the complex by 
numerical integration. The integrations of the torque and the work were not integrable. The conclusions on comparing 
of the diagrams for the square coil and the circular in torque and work were noticeable. The limit analysis method and 
the numerical method were suit for many complex questions those were not integrable. 
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1. Introduction  
It proposed to obtain the torque which generated by ampere force for current-carrying square coil in the 
non-uniform magnetic field in reference [1]. The work of the square coil rotation certain angle would be 
solved. It proposed to obtain the torque which generated by ampere force for current-carrying triangular 
coil in the non-uniform magnetic field in reference [2] and [3]. The calculation would be changed much 
complex if the square coil in reference [1] was exchanged to circular coil whose radius was R. The first 
problem was the direction for each current-element in the circular coil was different. The angle between 
the each current-element and the direction of the magnetic induction intensity was different. The second 
problem was that the direction and size of the ampere force of the current-element was different. The 
expression of the torque was very complex. The third problem was that the expression of the work was 
not integrable. 
2. The research of the current-carrying circular coil in the non-uniform magnetic field 
The current-carrying circular coil was near the current-carrying straight wire shown in figure 1 (a). The 
radius of the circular coil was R. The circular coil was rotated round the axis O1O2 which was parallel to 
the straight wire. The angle between the each current-element which the current direction was down and 
its direction of magnetic induction intensity was different. The size and direction for the element ampere 
force were different. The problem was very difficult.  
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(a)  The circular coil     (b)  The current-element           (c) The force,  torque in the top view                (d)  3D diagram 
Fig. 1. The current-carrying circular coil in non-uniform magnetic field 
As figure 1 (b), the current-element was selected as ld2I . Its azimuth was ϕϕϕ d~ + . The analysis 
result was as follow. The element ampere force was up when its condition was as 0→ϕ . The direction of 
the element ampere force was pointed to the current I1 when its condition was as 2/π→ϕ . The direction 
of the element ampere force was water level when its condition was as ]2/,0[ π∈ϕ .
2.1.  The angle between the directions of the current-element and the magnetic induction intensity was 
obtained by the limit analysis method 
As figure 1(c) the direction of the magnetic induction intensity in the center H of the current-element 
was perpendicular to AH. The direction of the magnetic induction intensity was not in the perpendicular 
plane with the current-element. The angle ϕ  was between the direction of the current-element and the 
horizontal plane of ACHGA. The angle α  was between the direction of the current-element and its 
direction of the magnetic induction intensity. How much the angle α  was? The limit analysis method was 
proposed. 
The follow results were obtained by the limit analysis method.   
 (a) The result was ϕα =  when it was a condition as 0=θ for any angleϕ .
 (b) The result was the angle α  was larger than 1β  when its condition was as 2/π=θ .
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(c) The result was θϕ −π= 2/  when it was a condition as 0=ϕ  for any angleθ .
(d) The result was 0=α  when its condition was as 2/π=ϕ .
For the exact solution ofα ,
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 was obtained by the law of sine in ACDΔ and
θϕϕ cossin2sin2221 bRRbrAH −+== , ϕsinRCH = ,
111 sinsincossincossinsin ββθϕβθϕ bRR =+ . The result of equation (1) was obtained. 
θϕϕ
θϕβ
cossin2sin
sinsin
sin
222
1
bRRb
R
−+
=                                                                                       (1) 
Two points of GC was connected and its length was noted as r01 and 1bGH = . The result was as follow 
in HGCΔ .
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The point of P was an intersection point from the extend line of the current-element with the axis O1O2.
Two points of GK were connected. The line of KC was perpendicular to the horizontal plane of ACGHA.
There were relations as follow at right angle KHCΔ .
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The law of cosine in GHKΔ  was expressed as follow. 
)cos(2222 α−π⋅−+= KHGHKHGHKG
Finally, the result was expressed as equation (2). 
)sin(coscos 1 θβϕα +=                                                                                                                   (2) 
In general the values of the angle α  had several cases.  
(a) The result was ϕα =  in the condition of 01 =β  when 0=θ  based on equation (2) for ϕ  being any 
angle.  
 (b) The result was the angle α  was larger than 1β  because the cosine functions was a decreasing 
function and when 2/π=θ it was 11 coscoscoscos ββϕα <= based on equation (2).  
 (c) The result was θϕ −π= 2/  from 01 =β  when 0   based on equation (2) for θ  being any angle.  
(d) The result was 0=α  based on equation (8) when its condition was as 2/π=ϕ .
Fortunately, the four results were exact agreed with the results of the limit analysis method. 
2.2. The angle between the direction of the ampere force of the current-element and the horizontal plane 
was obtained based on the vector method 
The first problem was the direction of the ampere force of the current-element ld2I . The second 
problem was the projection of the ampere force in the horizontal plane of ACGHA. Because the coil plane 
KCH was perpendicular to the horizontal plane of ACGHA, the angle between the projection in the 
horizontal plane of the current-element ld2I  and the direction of its magnetic induction intensity was 1α
in the top view shown in figure 1(c) and θβα --2/ 11 π= . The difficult was how to get the angle 2α . The 
angle 2α  was the angle between the direction of the ampere force and the horizontal plane.  
The method was that the current-element was as an origin point. The extension line of AH was as x-axis. 
The direction of the magnetic induction intensity of the current-element was as y-axis. The upward 
direction was as z-axis. The result was ϕϕ cos/sin 2RCK = and ϕsinRCH = .
The projection of CH in the direction of x-axis, the result was as follow.  
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  )cos(sin)(sin 11 θβϕα +=⋅ RCH
The projection of CH in the direction of y-axis, the result was as follow.  
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It was clear the formula (3) was very correct.  
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Fig. 2. The angle  between the directions of dF and the horizontal plane 
The element ampere force of the current-element ld2I  and its contribution in the horizontal direction 
and along the HA direction was as formula (4). 
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The results were from equation (1). 
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Where it was as ϕdd Rl = and
θϕϕ cossin2sin2221 bRRbr −+= .
The total force in horizontal direction and the total torque were as follow. 
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Because the direction of torque was opposite to the direction of the angle θ  increase, the work of the 
ampere force when θ  was from 0 to 2/π  as formula (7). 
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3. Discussion
The diagrams of the total torque and the work of the ampere force when θ  was from 0 to 2/π were 
shown as figure 4. 
         
Fig. 4. The  total torque and the work for  the current-carrying circular coil in the non-uniform magnetic field 
For obtaining the torque and work of the current-carrying circular coil in non-uniform magnetic field the 
new method was proposed. The new method included modeling, analysis, and numerical calculation. The 
modeling would descript in other paper [4] in detail. The analysis process was that the limit analysis method 
is proposed. The limit analysis method is proposed was very important for the complex problem. It was a 
bridge between the three-dimensional geometry and the exact solution for two points. The first point was 
that the specific parameter values could be obtained in specific condition by the limit analysis method. The 
second point was that the result of the exact solution could be examined. The new method could be applied 
to solve the complex problem of physics. 
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